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E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk
=

45



Example. Find the number of prime numbers between
1 and 50.

Solution. If n is a composite number such that,
1 < n < 50, it must be multiple of 2, 3, 5, or 7.
(If p, q are primes so that pq|n, and p, q > 7,
then pq > 50.)

A2 : multiples of 2
A3 : multiples of 3
A5 : multiples of 5
A7 : multiples of 7

To compute: E0

A2 ∩ A3: multiples of 6
· · ·

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) =??

Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
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Example. Find the number of prime numbers between
1 and 50.

Solution. If n is a composite number such that,
1 < n < 50, it must be multiple of 2, 3, 5, or 7.
(If p, q are primes so that pq|n, and p, q > 7,
then pq > 50.)

A2 : multiples of 2
A3 : multiples of 3
A5 : multiples of 5
A7 : multiples of 7

To compute: E0

A2 ∩ A3: multiples of 6
· · ·

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) =??

Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
=

47



Example. Find the number of prime numbers between
1 and 50.

Solution. If n is a composite number such that,
1 < n < 50, it must be multiple of 2, 3, 5, or 7.
(If p, q are primes so that pq|n, and p, q > 7,
then pq > 50.)

A2 : multiples of 2
A3 : multiples of 3
A5 : multiples of 5
A7 : multiples of 7

To compute: E0

A2 ∩ A3: multiples of 6
· · ·

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|
Theorem. Let n = pm1

1 pm2
2 . . . p

mk
k , pis are prime.

φ(n) =??

Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. Find the number of prime numbers between
1 and 50.

Solution. If n is a composite number such that,
1 < n < 50, it must be multiple of 2, 3, 5, or 7.
(If p, q are primes so that pq|n, and p, q > 7,
then pq > 50.)

A2 : multiples of 2
A3 : multiples of 3
A5 : multiples of 5
A7 : multiples of 7

To compute: E0

A2 ∩ A3: multiples of 6
· · ·

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n}

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed.

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution.

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find,

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) =

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

ω(t) =

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

ω(t) =
(
n
t

)
P n−t
r−t

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

ω(t) =
(
n
t

)
P n−t
r−t

E(k) =

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

ω(t) =
(
n
t

)
P n−t
r−t

E(k) = ω(k)−
(
k + 1

1

)
ω(k) +

(
k + 2

2

)
ω(k + 1)

− + · · · + (−1)r−k
(
r

k

)
ω(r)

=

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

ω(t) =
(
n
t

)
P n−t
r−t

E(k) = ω(k)−
(
k + 1

1

)
ω(k) +

(
k + 2

2

)
ω(k + 1)

− + · · · + (−1)r−k
(
r

k

)
ω(r)

=

(
k

0

)(
n

k

)
P n−k
r−k −

(
k + 1

1

)(
n

1

)
P n−k−1
r−k−1 +

(
k + 2

2

)(
n

2

)
P n−k−2
r−k−2

− + · · · + (−1)k · · ·

Definition (Euler φ-function). For n ∈ N,
φ(n) := |{m ∈ N | m < n, (m,n) = 1}|

Theorem. Let n = pm1
1 pm2

2 . . . p
mk
k , pis are prime.

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·

(
1− 1

pk

)
Proof. Ai: multiples of pi, which are less than n
E0 = φ(n).
ω(1) = Σb npic = Σ n

pi
ω(2) = Σb n

pipj
c = Σ n

pipj
· · ·

E(0) = ω(0)− ω(1) + · · · + (−1)kω(k)

= n− Σ
n

pi
+ · · · + (−1)k

n

pip2 . . . pk

= n

(
1− Σ

1

pi
+ · · · + (−1)k

1

pip2 . . . pk

)
= n
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1− 1

p1

)(
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)
· · ·

(
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Example. D(n, r, k) : The number of r permutations
of {1, 2, . . . , n} with exactly k numbers fixed. Derive a
formula for D(n, r, k)

Solution. S : set of r permutations
Ai: Number of r permutations with ith number fixed

Have to find, E(k)

ω(i1, i2, . . . , it) = P n−t
r−t

ω(t) =
(
n
t

)
P n−t
r−t

E(k) = ω(k)−
(
k + 1

1

)
ω(k) +

(
k + 2

2

)
ω(k + 1)

− + · · · + (−1)r−k
(
r

k

)
ω(r)

=

(
k

0

)(
n

k

)
P n−k
r−k −

(
k + 1

1

)(
n

1

)
P n−k−1
r−k−1 +

(
k + 2

2

)(
n

2

)
P n−k−2
r−k−2

− + · · · + (−1)k · · ·

Exercise. limn→∞D(n, n, 0)/n! = e−1
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