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s(t) =
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫
t0
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0

So, s(t)/c
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0

So, s(t)/c = t− t0
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0

So, s(t)/c = t− t0
=⇒
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0

So, s(t)/c = t− t0
=⇒ s(t)/c− t
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0

So, s(t)/c = t− t0
=⇒ s(t)/c− t = −t0
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Exercise.
If ‖γ̇(t)‖ is a constant c, show that t − s(t)/c is a con-
stant. Here s(t) is the arc-length function “measured
from (fixed) t0”.

Solution.

s(t) =

∫ t

t0

‖γ̇(t)‖dt

=

∫ t

t0

cdt

= ct− ct0

So, s(t)/c = t− t0
=⇒ s(t)/c− t = −t0
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Curvature

Definition. γ : (α, β)→ R2
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tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)
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Example.
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t)
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t), r sin(t))
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‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t), r sin(t))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t)
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (−r/r sin(t/r), r/r cos(t/r))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (−r/r sin(t/r), r/r cos(t/r))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t)
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
‖γ̈(t)‖ = 1/r
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
‖γ̈(t)‖ = 1/r
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
κ(t) = ‖γ̈(t)‖ = 1/r
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
κ(t) = ‖γ̈(t)‖ = 1/r

Exercise. Show that the curvature
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
κ(t) = ‖γ̈(t)‖ = 1/r

Exercise. Show that the curvature at any point of any
line
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Curvature

Definition. γ : (α, β) → R2, unit speed parametriza-
tion
‖γ̈(t)‖ is the curvature, denoted κ(t), at γ(t)

Example.
γ(t) = (r cos(t/r), r sin(t/r))

now unit speed
γ̇(t) = (sin(t/r), r/r cos(t/r))

γ̈(t) = (−1/r cos(t/r),−1/r sin(t/r))
κ(t) = ‖γ̈(t)‖ = 1/r

Exercise. Show that the curvature at any point of any
line is 0.
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Deriving a general formula for curvature

γ̃(t̃) = γ(s−1(t̃))
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Deriving a general formula for curvature

γ̃(t̃) = γ(s−1(t̃))
Equivalently,
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Deriving a general formula for curvature

γ̃(t̃) = γ(s−1(t̃))
Equivalently, γ(t) = γ̃(s(t))
and (by definition), κ(t) = ‖¨̃γ(s(t))‖
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s′(t) = ‖γ̇(t)‖
(s′(t))2 =
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Deriving a general formula for curvature
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Equivalently, γ(t) = γ̃(s(t))
and (by definition), κ(t) = ‖¨̃γ(s(t))‖
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Deriving a general formula for curvature

γ̃(t̃) = γ(s−1(t̃))
Equivalently, γ(t) = γ̃(s(t))
and (by definition), κ(t) = ‖¨̃γ(s(t))‖

γ̇(t) = ˙̃γ(s(t))s′(t) = ˙̃γ(s(t))‖γ̇(t)‖
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Deriving a general formula for curvature
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γ̇(t) = ˙̃γ(s(t))s′(t) = ˙̃γ(s(t))‖γ̇(t)‖

s′(t) = ‖γ̇(t)‖
(s′(t))2 = γ̇(t).γ̇(t)
2(s′(t))s′′(t) = 2γ̇(t).γ̈(t)
2‖γ̇(t)‖s′′(t) = 2γ̇(t).γ̈(t)

s′′(t) = γ̇(t).γ̈(t)
‖γ̇(t)‖

γ̈(t) = ¨̃γ(s(t))‖γ̇(t)‖2 + ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

113



Deriving a general formula for curvature
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Deriving a general formula for curvature
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to get κ(t)
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Deriving a general formula for curvature

γ̃(t̃) = γ(s−1(t̃))
Equivalently, γ(t) = γ̃(s(t))
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s′(t) = ‖γ̇(t)‖
(s′(t))2 = γ̇(t).γ̇(t)
2(s′(t))s′′(t) = 2γ̇(t).γ̈(t)
2‖γ̇(t)‖s′′(t) = 2γ̇(t).γ̈(t)

s′′(t) = γ̇(t).γ̈(t)
‖γ̇(t)‖

γ̈(t) = ¨̃γ(s(t))︸ ︷︷ ︸
to get κ(t)

‖γ̇(t)‖2 + ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

γ̈(t)− ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖ = ¨̃γ(s(t))‖γ̇(t)‖2

κ(t) = ‖¨̃γ(s(t))‖

116



Deriving a general formula for curvature

γ̃(t̃) = γ(s−1(t̃))
Equivalently, γ(t) = γ̃(s(t))
and (by definition), κ(t) = ‖¨̃γ(s(t))‖

γ̇(t) = ˙̃γ(s(t))s′(t) = ˙̃γ(s(t))‖γ̇(t)‖

s′(t) = ‖γ̇(t)‖
(s′(t))2 = γ̇(t).γ̇(t)
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s′(t) = ‖γ̇(t)‖
(s′(t))2 = γ̇(t).γ̇(t)
2(s′(t))s′′(t) = 2γ̇(t).γ̈(t)
2‖γ̇(t)‖s′′(t) = 2γ̇(t).γ̈(t)

s′′(t) = γ̇(t).γ̈(t)
‖γ̇(t)‖

γ̈(t) = ¨̃γ(s(t))︸ ︷︷ ︸
to get κ(t)

‖γ̇(t)‖2 + ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

¨̃γ(s(t))‖γ̇(t)‖2 = γ̈(t)− ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

κ(t) = ‖¨̃γ(s(t))‖

=

∥∥∥∥γ̈(t)− ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

‖γ̇(t)‖2

∥∥∥∥
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γ̃(t̃) = γ(s−1(t̃))
Equivalently, γ(t) = γ̃(s(t))
and (by definition), κ(t) = ‖¨̃γ(s(t))‖

γ̇(t) = ˙̃γ(s(t))s′(t) = ˙̃γ(s(t))‖γ̇(t)‖

s′(t) = ‖γ̇(t)‖
(s′(t))2 = γ̇(t).γ̇(t)
2(s′(t))s′′(t) = 2γ̇(t).γ̈(t)
2‖γ̇(t)‖s′′(t) = 2γ̇(t).γ̈(t)

s′′(t) = γ̇(t).γ̈(t)
‖γ̇(t)‖

γ̈(t) = ¨̃γ(s(t))︸ ︷︷ ︸
to get κ(t)

‖γ̇(t)‖2 + ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

¨̃γ(s(t))‖γ̇(t)‖2 = γ̈(t)− ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

κ(t) = ‖¨̃γ(s(t))‖

=

∥∥∥∥γ̈(t)− ˙̃γ(s(t)) γ̇(t).γ̈(t)‖γ̇(t)‖

‖γ̇(t)‖2

∥∥∥∥
=

∥∥∥∥γ̈(t)− γ̇(t)
‖γ̇(t)‖

γ̇(t).γ̈(t)
‖γ̇(t)‖

‖γ̇(t)‖2

∥∥∥∥
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