Exercise sheet 3

Curves and Surfaces, MTH201

Extra questions on curves

The questions here are are aimed at those who want to see the some interesting
applications of differential equations. If you are more concerned about the quiz,
skip these questions for now and try the ones on surfaces below.

1. Ifvy(t), va(t), and v3(t), unit vector fields which are not necessarily T(t), N(t), B(t),
but nevertheless satisfy the same equations:

V'1 = Iﬂ}(t)V2(t)
Va = —k(t)vi(t) + 7(t)vs(t)
\;3 = _T(t>V2(t)

This exercise will show that if vy, vo, and v are equal to T, N, and B,
respectively, for one ¢y, then they are equal for all ¢, but in a slightly less
straightforward manner than you may expect to work out.

(a) Show that f(t) = vi(t).T(t) + va(t).N(¢) + vs(t).B(¢) is constant.
Note that we are not saying that the individual terms themselves
are constant, so this exercise is not saying, for instance, that the the
dot products, vy (t).T(t), va(t).N(t), or v3(t).B(t), are individually
constant; it is only when we take their sum that we can ensure the
resulting sum is constant. Luckily, this will be sufficient to prove the
next part.

(b) Show that if Vl(to) = T(to), Vg(to) = 1V—(t0)7 or Vg(to) = B(to),
for some tg, then the equalities hold for all ¢t. (Hint: What is an
equivalent condition, in terms of dot products, for two vectors being
equal? Remember, these are unit vectors! Note that the previous
part was only useful because we had equality of the corresponding
vectors at tg.)

2. For any curve parametrized by a unit speed parametrization v : (a, 8) —
R3, let §(t) = ~(t) + v for some vector v (i.e. each point of the curve is
being translated by the same v). Prove that,

(a) ¢ is also unit speed

(b) The curvature, torsion, unit tangent, normal, and binormal of ¢ is
the same as the curvature and torsion of v at t.



3. Consider a 3 x 3— matrix A with the property that Av.Aw = v.w for any
two vectors, v,w € R3 (recall, that such matrices are called orthogonal;
if you transform two vectors by the same orthgonal transformation, the
dot product will remain the same as before the transformation, so the
norm of ). For any curve parametrized by a unit speed parametrization
v : (o, B) = R3, let §(t) = Ay(t) (i.e. each point of the curve is being
transformed by the same matrix A). Prove that,

(a) ¢ is also unit speed

(b) The curvature and torsion of ¢ is the same as the curvature and
torsion of ~ at ¢.

(¢) The curvature and torsion of § is the same as the curvature and
torsion of v at t.

(d) If Ty(t), N1(¢t) and By (¢) denote the unit tangent, unit normal, and
unit binormal of 7 at ¢, while To(t), No(t) and Ba(t) denote the unit
tangent, unit normal of § at ¢, then prove that,

Surfaces

The first quiz on surfaces will be be based on material covered in this these
ezercises

1. If o : U — R3 is a surface patch, and p € R? lies on its image, then prove
that any linear combination of the vectors o,(p) and o, (p) is a tangent
vector, i.e. show that it is the velocity vector of some curve on the surface.

2. Prove that if a surface is regular, then the space of tangent vectors is
2-dimensional.

3. Let f(z,y) = zsin(x + 2y). Find fs, fy, foy, and fy,.

4. Use the chain rule of partial derivatives to show that if f : R — R is
a smooth function such that y = f(x) satisfies F(x,y) = 0, where F' :
R? — R is also a smooth function, then j—;ﬂ = —1%. This is called implicit
differentiation.

5. Let f : R? — R be a smooth function and let (zg,yo) be a point in R? and
v = (v1,v2) a vector. Define F' = f(x¢ + v1t, yo + vat). Use the chain rule
for partial derivatives to show that F'(0) = f.(z0,y0)v1 + fy(20,y0)v2 =

t t —
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—

it is called the directional derivative of f in the direction of v gnd is de-
noted by f,. This exercise shows that one can compute the directional
derivative of f in the direction of any vector v if one knows the partial
derivatives of f.

6. Which of the following surface patches are regular?



(a) 0:R* = R? o(z,y) = (2,9, +y)
(b) 0:R?* = R? o(z,y) = (z,27%¢°)
7. For an open subset U of R?, and a smooth map f : U — R3, show that

around any point in the set S := {(z,y, f(x,9)) | (x,y) € R?}, we can find
a smooth and regular surface patch.



