Smooth functions

Definition. f : S — R is called a smooth map at p
if

)

We will define smooth functions on surfaces



Smooth functions
Definition. f : S — R is called a smooth map at p

if,
given a (regular) surface patch o : U — S,

We study the surface using a patch



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

Which contains p



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

foo

We view the surface in terms of a patch



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

foo

Now its domain is a subset of R?



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

so we know what it means to be smooth



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

If 6 : U — S is another surface patch so that,

Of course, we need to check that it does not depend on the chosen patch



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth,

This will always happen but we will prove it later




Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth,

Let us examine the relationship between f oo and foo




Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

We know the relationship between the two patches



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

f oo is smooth at (xg,yo).

If&: U — S is another surface patch so that, & = oo ®,

where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

Composing with f



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore,

Since the composition of smooth functions is smooth




Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

foo=foood

Therefore, f o o smooth



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

foo=foood

Therefore, f o 0 smooth = f o ¢ is smooth



Smooth functions Definition.

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

foo=foood

Therefore, f oo smooth = f o4 is smooth (because,
f oo and ® are smooth)



Smooth functions Definition. [ : S; — S5 is said to be a smooth func-
tion

Definition. f : S — R is called a smooth map at p

if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

We now similarly study functions between surfaces via their surface patches




Smooth functions Definition. [ : S; — S5 is said to be a smooth func-
tion at p € 54

Definition. f : S — R is called a smooth map at p

if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

foo=foood

Therefore, f oo smooth = f o4 is smooth (because,
f oo and ® are smooth)



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches

Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

This time there is a surface patch not just for the domain




Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches

Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if (so that p € o(U), p = o(20, )

given a (regular) surface patch o : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

foo=foood

Therefore, f oo smooth = f o4 is smooth (because,
f oo and ® are smooth)



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches

Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € a(U), p = a(x0, yo))

given a (regular) surface patch o : U — S, and o9 : U — 9,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

but also for the co-domain



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches

Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € a(U), p = a(x0, yo))

given a (regular) surface patch o : U — S, and o9 : U — S,

so that p € o(U), p = a(xg, yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

This time we also compose by o5 ! 5o that the the input and output are from U; and Us, respectively



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches
Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € o(U), p = o(0, yo))
given a (regular) surface patch o : U — S, and o9 : U — 59,
so that p € o(U), p = a(xg, yo), o, ' o f ooy is smooth.

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

o=0c0®

foo=foood

Therefore, f oo smooth = f o4 is smooth (because,
f oo and ® are smooth)



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches
Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € o(U), p = o(0, yo))
given a (regular) surface patch o : U — S, and oo : U — Sy,
so that p € o(U), p = a(xg, yo), o, ' o f ooy is smooth.

f oo is smooth at (xg,yo).
Exercise. Show that the definion of a smooth map does

If&: U — S is another surface patch so that, & = oo ®, not depend on the choice of parametrizations.

Where ¢ U '—> U is smooth, invertible, and the inverse Definition.
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

This exercise tells us why the definition does not depend on the choice of patches




Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches
Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € o(U), p = o(0, yo))
given a (regular) surface patch o : U — S, and oo : U — Sy,
so that p € o(U), p = a(xg, yo), o, ' o f ooy is smooth.

f oo is smooth at (xg,yo).
Exercise. Show that the definion of a smooth map does

If&: U — S is another surface patch so that, & = oo ®, not depend on the choice of parametrizations.

Where .U '—> U is smooth, invertible, and the inverse 1 efinition. Consider a smooth map, f: S; — So
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

f naturally defines a map on the tangent spaces as we shall now see



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches
Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € o(U), p = o(0, yo))
given a (regular) surface patch o : U — S, and o9 : U — 59,
so that p € o(U), p = a(xg, yo), o, ' o f ooy is smooth.

f oo is smooth at (xg,yo).
Exercise. Show that the definion of a smooth map does

If 5 : U — S is another surface patch so that, & = oo ®, not depend on the choice of parametrizations.

where ¢ : U — U is smooth, invertible, and the inverse 1 efinition. Consider a smooth map, f : S; — S,

is smooth, Since, so that f(p) = ¢ for some p € Sy and g € 5.
o=0c0®

foo=foood

Therefore, f oo smooth = f o4 is smooth (because,
f oo and ® are smooth)



Smooth functions Definition. [ : S; — 53 is saild to be a smooth
function at p € S if, given (regular) surface patches
Definition. f : S — R is called a smooth map atp ¢, : U — 5,

if, (so that p € o(U), p = o(0, yo))
given a (regular) surface patch o : U — S, and o9 : U — 59,
so that p € o(U), p = a(xg, yo), o, ' o f ooy is smooth.

f oo is smooth at (xg,yo).
Exercise. Show that the definion of a smooth map does

If 5 : U — S is another surface patch so that, & = oo ®, not depend on the choice of parametrizations.

where ® : U — U is smooth, invertible, and the inverse

_ _ Definition. Consider a smooth map, f : .S7 — 59
is smooth, Since,

so that f(p) = q for some p € Sy and ¢ € Ss.

G —ood Let v € T),(S1) denote a tangent vector at p.

foo=foood

Therefore, f oo smooth = f o4 is smooth (because,
f oo and ® are smooth)



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

Definition. f : 57 — 55 is said to be a smooth
function at p € S if, given (regular) surface patches
gq . U— Sl

(so that p € o(U), p = o(xo, o))

and o9 : U — 59,

o, ' o f ooy is smooth.

Exercise. Show that the definion of a smooth map does
not depend on the choice of parametrizations.

Definition. Consider a smooth map, f : .S7 — 59

so that f(p) = ¢ for some p € S7 and g € S.

Let v € T),(S1) denote a tangent vector at p.

ie. v =-(ty) for some v : (e, B) — Sy and ty € (o, B).

As usual, the tangent vector is a velocity vector of some curve on the surface




Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

Definition. f : 57 — 55 is said to be a smooth
function at p € S if, given (regular) surface patches
gq . U— Sl

(so that p € o(U), p = o(xo, o))

and o9 : U — 59,

o, ' o f ooy is smooth.

Exercise. Show that the definion of a smooth map does
not depend on the choice of parametrizations.

Definition. Consider a smooth map, f : .S7 — 59

so that f(p) = ¢ for some p € S7 and g € S.

Let v € T),(S1) denote a tangent vector at p.

ie. v =-(ty) for some v : (e, B) — Sy and ty € (o, B).
Define dpf : Tp(51> — Tp<52>

(where T,,(.S) denotes the tangent space of S at p)

by dpf(v) = G (4(1)) € T,(S2)

We simply consider the velocity vector of the image of that curve



Smooth functions

Definition. f : S — R is called a smooth map at p
if,

given a (regular) surface patch o : U — S,

so that p € o(U), p = o(0, Yo),

f oo is smooth at (xg,yo).

Ifo:U — S5 is another surface patch so that, o = go®,
where ® : U — U is smooth, invertible, and the inverse
is smooth, Since,

oc=co0®
foo=foood

Therefore, f oo smooth = f o is smooth (because,
f oo and ® are smooth)

Definition. f : 57 — 55 is said to be a smooth
function at p € S if, given (regular) surface patches
gq . U— Sl

(so that p € o(U), p = o(xo, o))

and o9 : U — 59,

o, ' o f ooy is smooth.

Exercise. Show that the definion of a smooth map does
not depend on the choice of parametrizations.

Definition. Consider a smooth map, f : .S7 — 59

so that f(p) = ¢ for some p € S7 and g € S.

Let v € T),(S1) denote a tangent vector at p.

ie. v =-(ty) for some v : (e, B) — Sy and ty € (o, B).
Define dpf : Tp<31> — Tp<52>

(where T,,(.S) denotes the tangent space of S at p)

by dpf(v) = G (4(1)) € T,(S2)

and define that to be the image of v under d, f



f251—>52,

We now try to describe d,f in terms of the surface patch




f251—>52,

Ugl(f(gl(xvy))) — (gl(xvy)agQ(aj?y))

Here is f in terms of the surface patch



f251—>52,

Ugl(f(gl(xvy))) — (gl(xvy)agQ(aj?y))
flo(z(t),y(1)) = o2(g1(@(t), (1)), g2(x(t), y(1)))

And this is the image of v under f



f S — SQ,
Ugl(f(gl(xvy))) — (gl(xvy)agQ(aj?y))
flo(z(t),y(1)) = o2(g1(@(t), (1)), g2(x(t), y(1)))

%f (o1(2(1), y(1))) = g1(x(t), y(t))oa, + go(x(t), y(t))o2,

Written in a form that will allow us to write it in terms of o9, and o9,




f S — SQ,
Ugl(f(gl(xﬁy))) — (gl(xvy)agQ(aj?y))
flo(z(t),y(1)) = o2(g1(@(t), (1)), g2(x(t), y(1)))

& Fonlalt), u(t)) = g1(a(0) y(t))o2, + ghla() y(D)o,

= (2'(t) g1, (x(t), y(1)) + ¥ (£) g1, (@(t), y(t))ou(2(t), y(t))
(@'(t) g, (x(t), y(t)) + ' (1) g2, (2(t), y(t))oy(2(t), y(t))

—

_1_

Now we apply chain rule to each coeflicient



f S — SQ,
Ugl(f(gl(xﬁy))) — (gl(ﬂj',y),gg(ilj,y))
flo(z(t),y(1)) = o2(g1(@(t), (1)), g2(x(t), y(1)))

& Fonlalt), u(t)) = g1(a(0) y(t))o2, + ghla() y(D)o,

= (2'(t) g1, (x(t), y(1)) + ¥ (£) g1, (@(t), y(t))ou(2(t), y(t))
(@'(t) g, (x(t), y(t)) + ' (1) g2, (2(t), y(t))oy(2(t), y(t))

—

_1_

In terms of coordinates,

- (1l it

And write it in terms of coordinates



f ; Sl — SQ,
02_1(f(01(:13,y))) — (gl(ﬂf,y),QQ(iE,y))
flo(z(t),y(1)) = o2(g1(@(t), (1)), g2(x(t), y(1)))

o), 4(0) = (o0, 4 D)o + Gha0), D)o,

= (2'(t) g1, (x(1), y(t) + ¥ () g1, (x(t), y(1)) o (2(t), y(t))
(@'(t) g, (x(t), y(t)) + ' (1) g2, (2(t), y(t))oy(2(t), y(t))

—

_1_

In terms of coordinates,

~(uto outo) ()



f S — SQ,
Ugl(f(gl(xvy))) — (gl(xay)agQ(may»
flon(z(t),y(t))) = o2(g1(x(t), y(£)), g2(x(2), y(t)))

& For(alt). y(0) = gh(ax(t),y(t))on, + gh(x(0) y(D))o,

= (@' () g1, (x(t), y (1) + ' () g1, (2(8), y(£))ou(z(t), y(1))
+ (2" (1) g2, (x(8), y (1)) + 4/ () g2, (1), y(£) oy (x (), y (1))

In terms of coordinates,

(220
—sete o (219)

Notice that the familiar Jacobian matrix shows up again



For vy, vy € T,(9),

The inner product of two tangent vectors is simply the dot product




For vy, vy € T,(9),
<V17 V2> .— V1.V9



For vy, vy € T,(9),
<V17 V2> .— V1.V9

The angular bracket notation only emphasizes that v; and vy must be tangent vectors




For vy, vy € T,(9),
<V17V2> = V1.Vy

We will try to express this in terms of the surface patch




For vy, vy € T,(9),
<V17 V2> .— V1.V9

V1 = "Y1<t0>

First note that by definition they are velocity vectors




For vy, vy € T,(9),
<V1, V2> .— V1.V9

V1 = %(750)
Vo = 7'2(150)



For vy, vy € T,(9),
<V17 V2> .— V1.V9

Vi = fto) = Zoleate), (k)

Vo = ’72(750)

And now we use chain rule to express them in terms of o, and o,



For vy, vy € T,(9),
(V1, Vo) 1= V1.V

v = 4(t) = %U(M(to)» y1(to))

Vo = Jo(tg) = %O(xz(to)a y2(to))



For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = F(to) = %U(%(to)a y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))

Vo = Jo(tg) = %O(xz(to)a y2(to))



For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = F(to) = %U(%(to)a y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))

vy = Jy(to) = %0(@(750), ya(to)) = 25(to)ow(@2(tn), y2(to)) + ya(to)oy(za(to), ya(to))



For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = (ty) = %0(331(750), y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))

d

V2 = Tolto) = o (@2(te), 2(to)) = 5(to) oo (22(to), ya(to)) + ya(to)oy(wa(to), ya(to))

<V1, V2> = V1.V9

Finally, using them in the dot product



For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = F(to) = %U(%(to)a y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))

vy = Jy(to) = %0(@(750), ya(to)) = 25(to)ow(@2(tn), y2(to)) + ya(to)oy(za(to), ya(to))



For vy, vy € T,(9),
<V1, V2> .— V1.V9

Ea(fﬂl(to)» yi(to)) = 21 (to)ow(z1(t0), y1(to)) + w1 (to)oy (x1(t0), 11 (to))
%a(azg(to), ya(to)) = w5(to)ow(za(to), ya(to)) + va(te)oy(za(to), ya(to))

Vi = 7.1(750) —

Vo = %(750) =

<V1, V2> = V1.V9
= (2} (to)o(21(to), y1(to)) + y1(to)oy(z1(to), y1(to)))- (5 (to)ow(a(to), ya(to)) + ya(to)oy(@a(tn), ya(to))
= 2y (to)w5(to) E(2(to), y(to)) + 2 (to)ys(to) F(z(to), y(to))
+ 1 (to)xh(to) F'(x(to), y(to)) + vy (to)ys(to) G2 (to), y(to))

Distributing and recognizing the appearance of £, F', and G



For vy, vy € T,(9),
<V1, V2> .— V1.V9

Ea(gjl(tO)a yi(to)) = 21 (to)ow(z1(t0), y1(to)) + w1 (to)oy (x1(t0), 11 (to))
%a(azg(to), ya(to)) = w5(to)ow(za(to), ya(to)) + va(te)oy(za(to), ya(to))

Vi = 7.1(750) —

Vo = %(750) =

<V1, V2> = V1.V9
= (2} (to)o(21(to), y1(to)) + y1(to)oy(z1(to), y1(to)))- (5 (to)ow(a(to), ya(to)) + ya(to)oy(@a(tn), ya(to))
= 2y (to)w5(to) E(2(to), y(to)) + 2 (to)ys(to) F(z(to), y(to))
+ 1 (to)xh(to) F'(x(to), y(to)) + vy (to)ys(to) G2 (to), y(to))

Observe that since vi and vy are based on the same point, v;(tg) = va(to)




For vy, vy € T,(9),
<V1, V2> .— V1.V9

Ea(fﬂl(to)a yi(to)) = 21 (to)ow(z1(t0), y1(to)) + w1 (to)oy (x1(t0), 11 (to))
%a(azg(to), ya(to)) = w5(to)ow(za(to), ya(to)) + va(te)oy(za(to), ya(to))

Vi = 71(750) —

Vo = %(750) =

<V1, V2> = V1.V9
= (2} (to)o(21(to), y1(to)) + y1(to)oy(z1(to), y1(to)))- (5 (to)ow(a(to), ya(to)) + ya(to)oy(@a(tn), ya(to))
= 2y (to)w5(to) E(2(to), y(to)) + 2 (to)ys(to) F(z(to), y(to))
+ 1 (to)xh(to) F'(x(to), y(to)) + vy (to)ys(to) G2 (to), y(to))




For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = (ty) = %0(3?1(750), y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))
vy = Jy(to) = %U(xz(to)a ya(to)) = 25(to)ow(@2(tn), y2(to)) + ya(to)oy(za(to), ya(to))

<V1, V2> = V1.V9
= (2} (to)o(21(to), y1(to)) + y1(to)oy(z1(to), y1(to)))- (5 (to)ow(a(to), ya(to)) + ya(to)oy(@a(tn), ya(to))

0);
= 2y (to)w5(to) E(2(to), y(to)) + 2 (to)ys(to) F(z(to), y(to))
+ 91 (o) s (to) F(2(to), y(to)) + 1 (to)ys(to) G (to), y(to))
= (2 (to) ¥i(to))

But now observe that this can be expressed in matrix form




For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = F(to) = gU(fl(?fo)a y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))

dt
d

va = Tolto) = o (@(to), a(to)) = z3(to)ou(w:(to),

(V1, Vo) = V1.Vy



For vy, vy € T,(9),
<V1, V2> .— V1.V9

vi = F(to) = %U(%(to)a y1(to)) = 2 (to)ow(@1(tn), y1(to)) + v (to)oy(z1(to), y1(to))

V2 = Aalte) = o(@alte) 1alt) = Zh(t0)oa(walto), valt0) + Bhlto)oy ), valto)

(V1, Vo) = V1.Vy



Surface Surface patch

We will summarize how various concepts appear in terms of surface patches



Surface

Surface patch

peS

A surface patch gives two coordinates to every point on part of a surface




Surface

Surface patch

peS

(z,y) € U, where o(x,y) = p



Surface

Surface patch

pesS
AcCS

(z,y) € U, where o(x,y) =p

To every subset in the patch of S, it associates a subset in U




Surface

Surface patch

peS
AcCS

(z,y) € U, where o(x,y) =p
B Cc U, where o(B) = A



Surface Surface patch

pesS (z,y) € U, where o(x,y) =p
ACS B C U, where 0(B) = A
v:(a,8) = S

[t associates to every curve on that part of the surface, a curve in U




Surface Surface patch

pesS (z,y) € U, where o(x,y) =p
ACS B C U, where 0(B) = A

v (o, B) = S 0:(a,B) = U, wherey =006



Surface Surface patch

pesS (z,y) € U, where o(x,y) =p
ACS B C U, where 0(B) = A

v (a,B) — S 0:(a,8) = U, wherey =004
v = J(t)

It provides a basis o, and o,, and tangent vectors are written in terms of them




Surface Surface patch

pesS (z,y) € U, where o(x,y) =p

ACS B C U, where 0(B) = A

v (o, B) = S 0:(a,B) = U, wherey =006

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))



Surface Surface patch

pesS (z,y) € U, where o(x,y) =p

ACS B C U, where 0(B) = A

v (a,B) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R

To a function with domain Sy, it associates a function with domain U




Surface Surface patch

pesS (z,y) € U, where o(x,y) =p

ACS B C U, where 0(B) = A

v (o, B) = S 0:(a,B) = U, wherey =006

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo



Surface Surface patch

pesS (z,y) € U, where o(x,y) =p

ACS B C U, where 0(B) = A

v (a,B) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f 51— 59

To a function with surfaces as both domains and ranges, it associates a function between the domains of their pat




Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (a,8) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f:5 — 5 g:Ul%Ug,whereg:aglofoal




Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (o, ) = S 0:(a,B) = U, wherey =006

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f 51— 59 g: U — U, where g =0, 0 f ooy
(v1,v2)

To the inner product, it associates the matrix of “first fundamental form”




Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (a,8) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f:5 — 5 g:Ul%Ug,whereg:aglofoal

(v, V)

E F !
(x/1 yi) ( 7 G) (x,2>,where vV, = T,0,+Y.0,
Y



Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (a,8) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f:5 — 5 g:Ul%Ug,whereg:aglofoal

(v, V)

E F !
(x/1 yi) ( 7 G) (x,2>,where vV, = T,0,+Y.0,
Y



Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (a,B) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f .5 — 5 g:Ul%UQ,Whereg:aglofoal

E F !

(v1,v2) (as'l yi) ( . G) (jjf),where vi = Tio.+yo,
2

dp(f) = Tp(S1) = Ty (S2)

To a derivative of a function between two surfaces, it associates the “Jacobian” matrix




Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (o, B) = S 0:(a,B) = U, wherey =006

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f:5 — 5 g:Ul%Ug,whereg:aglofoal

(v1,Vv2) (x’l y{) (? 2) (ig),where vV, = T,0,+Y.0,

dp(f) = Tp(51) = T (52)

Iz Iy . where (g1, g2) = 02_1 o foo
92, 92y



Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (a,B) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f .5 — 5 g:Ul%UQ,Whereg:aglofoal

E F\ [
(V1, Vo) (x’l yi) (F G) <y5>,where v, = 2.0, +Yi0,

dp(f) + Tp(S1) = T (S2) (glx ?‘”) , where (g1,92) = 05" 0 f ooy
20 92y

low > oy ]

To the infinitesimal area, it associates the determinant of the first fundamental form matrix




Surface

Surface patch

pesS
AcCS

v (a,8) — S
v = J(t)
f:5—R
f:5 — 5

(V1 V2)
dp(f) = Tp(51) = T (52)

low > ay]]

(z,y) € U, where o(x,y) =p

B Cc U, where o(B) = A

d:(a,B) = U, wherey =009

v =2'0, + y'o,, where y(t) = o(x(t), y(t))
g:U — R, whereg= foo
g:Ul%Ug,whereg:aglofoal

E F !
(x/1 yi) ( 7 G) (x,2>,where vV, = T,0,+Y.0,
Y

Iz Iy . where (g1, g2) = 02_1 o foo
92, 92y

EF
|EG — F?| = det
F G



Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (a,B) — S 0:(a,8) = U, wherey =004

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f .5 — 5 g:Ul%Ug,Whereg:aglofoal

(v, Vo) (x’l yi) (? g) (;i),where v, = 2.0, +Yi0,

dp(f) = Tp(51) = T (52)

low > ay]]

Area = |

o(U) HO’x X O-Z/H

Iz Iy . where (g1, g2) = 02_1 o foo
92, 92y

EF
|EG — F?| = det
F G

And to the area, the integral of the above determinant.



Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (o, B) = S 0:(a,B) = U, wherey =006

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f 51— 59 g: U — U, where g =0, 0 f ooy

(v1,Vv2) (x’l y{) (? 2) (ig),where vV, = T,0,+Y.0,

dp(f) = Tp(51) = T (52)

low > ay]]

Area = |

o(U) HO-I‘ X O-Z/H

Iz Iy . where (g1, g2) = 02_1 o foo
92, 92y

EF
|EG — F?| = det
F G

[, |EG — F?|



Surface Surface patch

peS (z,y) € U, where o(x,y) = p

ACS B C U, where 0(B) = A

v (o, B) = S 0:(a,B) = U, wherey =006

v = Y(to) v =2'0, + y'o,, where y(t) = o(x(t), y(t))
f:5—R g:U— R whereg= foo

f 51— 59 g: U — U, where g =0, 0 f ooy

(v1,Vv2) (x’l y{) (? 2) (ig),where vV, = T,0,+Y.0,

dp(f) = Tp(51) = T (52)

low > ay]]

Area = |

o(U) HO-I‘ X O-Z/H

Iz Iy . where (g1, g2) = 02_1 o foo
92, 92y

EF
|EG — F?| = det
F G

[, |EG — F?|



