U:ZZ%SCH@
g:-U—SCR?

Consider two surface patches whose images overlap



U:ZZ%SCH@
g:-U—SCR?

By shrinking the domains if necessary, we may assume that their images are equal




OIQ%SCR?’
d:U—=SCR? i
o =00®, where & : U — U is smooth

and we can define a coordinate transformation to relate the two



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (F(2 ), 9( 7))

We denote f and g to be the coordinates of the coordinate transformation



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

Remember that the domains have been shrunk so that ® maps U onto U






o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

Remember that each patch gives us specially defined basis vectors.




o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

How do the basis given by one patch relate with the other?




OIQ%SCR?’
g:-U—SCR? i
o =00®, where & : U — U is smooth

O(z,y) = (( 9),9(2,9))
o) =U

032, ) = f50.(P(Z,9)) + gz0(P(Z, 7))

This is exactly what chain rule tells us when we take the derivatives on both sides of 6 =0 o ®



) fxO-x( (

9)) + 9:0,(®(Z, 9))



) fxo-a:( (

Of course 0, is some linear combination of o, and o, since o, and o, form a basis

9)) + 9:0,(®(Z, 9))



OIQ%SCR?’
g:-U—SCR? i
o =00®, where & : U — U is smooth

O(z,y) = (( 9),9(2,9))
o) =U

032, ) = f50.(P(Z,9)) + gz0(P(Z, 7))

Chain rule tells us that the coefficients are f; and gz



=

The same holds for o,



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

We know that vectors are defined as velocity vectors of parametrizations of curves on surfaces




U:IZ%SCR?’
g:-U—SCR? i
o =00®, where & : U — U is smooth

B(&,§) = ((2.9), 9(2. 7))

~

o) =U

&i<5j7 ?j) — fi’o-x(q)(ja g)) + g@O'y(q)(.f, g))

~

5-?]<£7 g) — f@ax(q)(ja g)) + g§0y<q}<x7 g))



In terms of the basis o, and oy, chain rule tells us the coeflicients



U - SCR?

U — S CcR?

o=009, where @ : U — U is smooth
(z,9) = (f(2,9),9(2,9))

U)=U

Q Q

S,

&i<5j7 ?j) — fi’o-x(q)(ja g)) + g@O'y(q)(.f, g))
05(2,9) = f02(P(Z,9)) + 950, (P(Z,9))

o(z(t), y(t))

(t)au(x(t),y(t) + o/ (t)oy(x(t), y(t))

Q
s
S



o:U—=SCR?

5:U—SCR3
5:Jo®,where®:l~]%Uissmooth
(3, 5) = (2 9), (7))

dU)=U

73(2,) = Ji0( (5, 5)) + 920,25, 5)

What happens when we change the parametrization?




o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

&i<5j7 ?j) — fi’o-x(q)(ja g)) + g@O'y(q)(.f, g))
5-?]<£7 g) — f@ax(q)(ja g)) + g§0y<q}<i7 g))

(t) = o(x(t), y(t))
Y(t) = 2'(t)ou(z(t), y(t)) + y'(t)o,(2(t), y(t))
(t) = a(z(t), y(t))



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

(t) = o(x(t), y(t))
Y(t) = 2'(t)ou(z(t), y(t)) + y'(t)o,(2(t), y(t))
(t) = a(z(t), y(t))
Y(t) = 2'(t)o.(2(t), y(t)) + ' (t)a,(2(t), y(t))

How do the coefficients with respect to the new basis compare with the old?




o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

For each ¢, ® sends the points in U to U



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

Writing o, in terms of the old basis



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

Same for oy



o:U—=SCR?

5:U—SCR3

o=009, where @ : U — U is smooth
(3, 5) = (2 9), (7))

dU)=U

Distributing everything and noting the highlighted part



c:-U—SCR?

5:U—SCR3

& =00®, where d: U — U is smooth Y(t) = () (fro(D(2(t), 4(t)))
(2, 9) = (f(2,9), 9(,7)) ()5

OU)=U '(t) fr04(x(t)

Collecting terms to write everything in terms of o, and o,




c:-U—SCR?

G:U—SCR3 ) o o
& =0co0® where ®: U — U is smooth V() = 7' (t)(fao(P(2(t),4(t))) + gz0,(P(2(t), (1)),
O(7,9) = (f(&,9), g(F,9)) + 7' () (f0:(P(2(F), 4(t))) + gzo,(D(2(1), (1))
O(U)=U = 3'(t) o (x(t), y(t)) + T'(t)gzoy (x(t), y(t))

+ @’(/) 50:(x(t), y(t)) + 7' (t)gzoy(x(t), y(t))

_|_

1(8) = ol (t), 5t S
F(t) = o' (t)o(x(t), y(t)) + y/(t>ay(:zj(t) y(t)) :E/(t) — :lj/(t)f;g + %/(t)fy
V(1) = 6(2 (1), §(2)) y'(t) = 2(t)g: + ' ()g;
Y(t) = @' (t)o.(2(¢), y(t)) + ' (¢)oy,(2(¢), y(t))

Observe

(z(t),y(t) = ©(z(¢), y(?))

Comparing coefficients



c:-U—SCR?

S e T o U s smooth $(0) = #(0) froa @), 5(0) + g20,(@(E0), 5(0)
O(%,9) = (f(7.7), 9(F,9)) + 7' (6)(f0:(2(2(1), §(t))) + gzo,(P(E(2), §(1)))
OU)=U = 7'(t) faou(2(t), y(1)) + T'(t)gzoy(2(t), y(t))
+7'(t) fyou(z(t),y(t) + §' () ggoy (x(t), y(t))
N

3(8) = o(t), y() o
F(t) = o' (t)o(x(t), y(t)) + y/(t>ay(:zj(t) y(t)) :E/(t) — :lj/(t)f;g + %/(t)fy

V(1) = 6(2 (1), §(2)) y'(t) = 2(t)g: + ' ()g;

$(t) = #0650, 3(0) + 7(0)5,(3(0), 5(1) N (N (0
Observe (y’(t)) - (gi gg> (g’(t))
(x(t),y(t)) = P(2(t), y(?))

Writing in matrix form



c:-U—SCR?

5:U—SCR3

& =00®, where d: U — U is smooth Y(t) = () (fro(D(2(t), 4(t)))

O(7,9) = (f(2,9), 9(%, 7)) 9 ()(f30:(P(Z(t), §(1))) + ggo, (P
o(U)=U z'(t) fz0:(2 (1), y(t))

Y(t) = o(x(t), y(t) R ;

F(t) = o' (t)o(x(t), y(t)) + y/(t>ay(x(t) y(t)) :L'/(t) — %/(t)f;g + %/(t)fy

V(1) = 6(2 (1), §(2)) y'(t) = 2(t)g: + ' ()g;

$(t) = #0650, 3(0) + 7(0)5,(3(0), 5(1) N (N (0
Observe (y’(t)) - (gi, gg> (g’(t))
(x(t),y(t)) = P(2(t), y(?))

This matrix associated with a smooth map will appear many times




Recall:
Vi, Vg € RQ,

We will need the following simple fact in our definition of area




Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition.



Recall:
vi, vy € R? then ||vy X vo| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.

As usual, we give our surface two coordinates by a surface patch




Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.



Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.

low(z,y) x o(z,y)]

This cross product is the “infinitesimal” area



Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.
R C U, specifies a region o(R) C o(U) C S

low(2,y) x oy(z,y)]

We use the surface patch to specify a region



Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.
R C U, specifies a region o(R) C o(U) C S

A:=L|\0x<x,y> x oy(z,y)|dzdy

and integrate, of course



Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.
R C U, specifies a region o(R) C o(U) C S

AR) = [ N1o.(2.9) x 0z, )y

Remember that this is the area of only a region



Recall:
v1, vy € R? then ||vy X vs|| is the area of the paral-
lelogram with vy and vy as sides.

Definition. o : U — S C R? a surface patch.
R C U, specifies a region o(R) C o(U) C S

AB) = [ ou(o.y) 0y (o. ) dndy

But it also seems to depend on the surface patch



Proposition. A coordinate transformation leaves the
area unchanged.

However, it does not really depend on the surface patch




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:
h-ACR? >R

Consider a multivariable function f




Proposition. A coordinate transformation leaves the
area unchanged.

rRecall:
h-ACR? >R
o - R? — R?

How does its integral change if we “change the variables” by &




Proposition. A coordinate transformation leaves the
area unchanged.

rRecall:
h-ACR? >R
o - R? — R?

® changes the variables from x, y to x, y




Proposition. A coordinate transformation leaves the
area unchanged.

rRecall:
h-ACR? >R
o - R? — R?

We will denote the coordinates of ® by f and g



Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

This is the “change of variable formula” for integration




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

Note the change in the region we integrating over it




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

h-ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
O(R)

fo-

Proof. 0 : U — S C R?

(ho ®)(fzgy — f39z)

As usual, we have two surface patches related by a coordinate transformation, ®




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

h:ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
O(R)

fo-

Proof. oc:U—SCR?
:U—SCR?

(ho ®)(fzgy — f39z)




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

h:ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
O(R)

fo-

Proof. oc:U—SCR?
:U—SCR?

(ho ®)(fzgy — f39z)




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

h:ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
R o(R)

fi-

(ho ®)(fzgy — f39z)

Proof. oc:U—SCR?
:U—SCR?
dU)=U



Proposition. A coordinate transformation leaves the
area unchanged.

Qe
|
Q
O
SA

r Recall:

h-ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
O(R)

fo-

Proof. oc:U—SCR?
:U—SCR?

(ho ®)(fzgy — f39z)

To simplify notation, we will use composition




Proposition. A coordinate transformation leaves the
area unchanged.

Qe
|
Q
O
SA

r Recall:

h-ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
O(R)

fo-

Proof. oc:U—SCR?
:U—SCR?

(ho ®)(fzgy — f39z)

But do make sure that you check all the details



Proposition. A coordinate transformation leaves the

area unchanged. )
oc=0c09®

0; = [i(0z 0 P) + gi(oy 0 D)

r Recall:

h:ACR? >R

o - R? — R?

o(,9) = (£ §), 9(5, §)
O(R)

fo-

Proof. oc:U—SCR?
:U—SCR?

(ho ®)(fzgy — f39z)

Applying the chain rule



Proposition. A coordinate transformation leaves the
area unchanged.

o=0c0?
" Recall: 0z = fi(0, 0 D)+ gi(o, 0 D)
h:ACR?> =R o5 = fy(0z 0 ®) + gz(oy 0 D)
o : R? — R?

o(z,9) = (f(2,9),9(,9))
(h o ®)(fzg5 — fy9z)
o(R)

fo-

Proof. oc:U—SCR?
:U—SCR?
dU)=U

And also for o,



Proposition. A coordinate transformation leaves the
area unchanged.

oc=c0
" Recall: (?5: = filo, 0 ®) + gz(oy 0 D)
h:ACR?>—>R 05 = [3(02 0 D) + gy(oy 0 D)
d : R? —» R?
o(z,9) = (f(2,9),9(2,9)) Gz X 05 = (f2(0, 0 D) + gz(0, 0 D))
X (fjloz 0 P) + gz(0o, 0 D))
[n=[ tow)sigs- figo
R O(R)

Proof. oc:U—SCR?
:U—SCR?

This allows us to find out how the cross product relates



Proposition. A coordinate transformation leaves the
area unchanged.

oc=00®
" Recall: (?5: = filo, 0 ®) + gz(oy 0 D)
h:ACR*—> R 05 = [3(0z 0 ®) + gz(oy 0 D)
d : R? — R?
O(z.5) = (£(&.9).9(.9) 5 x 5y = (folors 0 B) + g5(0y 0 D)
A hod X (fjloz 0 P) + gz(0o, 0 D))
[n= [ hoo)sios o e e )

Proof. oc:U—SCR?
:U—SCR?
dU)=U

Distributing the coefficients



Proposition. A coordinate transformation leaves the
area unchanged.

oc=00®
" Recall: (?5: = filo, 0 ®) + gz(oy 0 D)
h:ACR*—> R 05 = [3(0z 0 ®) + gz(oy 0 D)
d : R? — R?
O(z.5) = (£(&.9).9(.9) 5 x 5y = (folors 0 B) + g5(0y 0 D)
A hod X (fjloz 0 P) + gz(0o, 0 D))
[n= [ hoo)sios o e e )

Proof. oc:U—SCR?
:U—SCR?
dU)=U

Here, by 0, x 0, we mean a function (a,b) = o.(a,b) x o,(a,b)




Proposition. A coordinate transformation leaves the
area unchanged. )

o=0c0?
" Recall: 0; = fi(o, 0 @)+ gi(o, 0 D)
h:ACR?> =R o5 = fy(0z 0 ®) + gz(oy 0 D)
o : R? — R?
®(z,9) = (f(2,9), 9(2, 7)) Gz X 05 = (f2(0, 0 D) + gz(0, 0 D))
X (fy(oz 0 @) + gy(oy 0 D))
/R h = @(R)Uz o ®)(fig95 — f39z) = (fi95 — f39:)((0z 0 ®) X (0, 0 D))
= (f295 — [393)((0x X 0y) 0 D)
Proof. oc:U—SCR?
d:U—=SCR?
(2, 9) = (f(2,9), 9(2, 7))

o(0) -

This is why, (0, 0 ®) X (0,0 P) = (0, X 7,) 0 D




Proposition. A coordinate transformation leaves the

area unchanged.

r Recall:

h:ACR? >R

o - R? — R?

(7, 9) = (f(,9), (7))
R o(R)

fi-

(ho ®)(fzgy — f39z)

Proof. oc:U—SCR?
:U—SCR?
dU)=U

Oz X Oy = (fj;(O-x o (I)> + g;,;(a'y O @))
X (f3(oz 0 D)+ gz(oy 0 D))
= (f295 — f39z) (0, 0 ) X (0,0 D))
= (fz95 — f39:)((0x X 0y) 0 D)

|6z % 63|l = | fz95 — fy9z]l/(02 x ) 0 P

Q/Mwww=/~Mw—h%W%X%N@|
U a(U)



Proposition. A coordinate transformation leaves the
area unchanged.

o=c0®
r Recall: 0 _fi(%o@ gi(oy 0 @)
h:ACR: SR = fy(0: 0 @) + gz(oy 0 P)
o - R? — R?

= (filoz 0 ®) + gi(oy 0 D))
X (fjloz 0 P) + gz(0o, 0 D))
/ / h O (I) fa:gy fyg:v> ( vy — fy%:)((o'x O q)) (Oy O CI)))
= (fz95 — [39:)((02 X 0y) 0 D)

o(z,y) = (f(z,9),9(,9))

Proof. o : U—SCR’

5.0 SRS oz > gl = | fag5 — f39:lll (02 X 0y) © @]
)=V [Nl = [ g5 = fallon x o) 001

/ low x oy

This follows from change of variable formula of integration =




Proposition. A coordinate transformation leaves the
area unchanged.

r Recall:

h:ACR? >R

o - R? — R?

®(z,9) = (f(Z,9),9(Z,7))

/ / (h o ®)(fgs — f102)

Proof. 0 : U — S C R?
5:U—SCR3

o(x,9) = (f(z,9),9(2,7))
o) = U

Oz X Oy = (fj;(O-x o (I)> + g;,;(a'y O @))
X (fy(oz 0 @) + gy(oy 0 D))
= (f295 — f39z) (0, 0 ) X (0,0 D))
(f:cgy f39z)((02 X 0y) 0 D)
|0z x o3| = | fz95 — fy9:ll|(02 x 0,) 0 D

/H%X%II— / Fog — Fogalll(on x 0,) 0 |

/ low x oy



Proposition. A coordinate transformation leaves the
area unchanged.

rRecall:
h:ACR? >R
o - R? — R?

(ho ®)(fzgy — f39z)

o(z,9) = (f(2,9),9(,9))
o(R)

fo-

Proof. oc:U—SCR?
:U—SCR?

|63 x 73|l = | fz95 — [39:]]|(0x X 0y) 0 D|

/UH&.% < 5] = / 0 — F05ll(00 x 0,) 0 )|

_ / low x oy
U

And this completes the proof that a coordinate transformation does not change the area




Exercise.

AJ(R)Z/R\/E@,y)G(w,y)—F2<x,y>dwdy

The area can be expressed entirely in terms of the first fundamental form (i.e. E, F', and G)



