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oc:U— R

Recall:
one-one, U C R? open (U is open if and only if for any

2
J R p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

, 0 smooth.
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oc:U— R

Recall:
one-one, U C R? open (U is open if and only if for any

.2
[ R=R p € U, there is an open disc D.(p) == {z € R? |z —
fa p|| < €} for some radius € and D.(p) C U.)

, 0 smooth.
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oc:U— R

Recall:
one-one, U C R? open (U is open if and only if for any

T2
eI = IR p € U, there is an open disc D (p) := {z € R? | ||z —
£, = lim p|| < €} for some radius € and D.(p) C U.)

h—0

, 0 smooth.



Surfaces

Recall:
f:R*—=R

1
fr = lim —

h—0 h
fy

(f(z+h,y) — f(z,y))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

, 0 smooth.



Surfaces

Recall:
f:R*—=R
1
fo:= lim E(f(x +h,y) — f(z,y))

= lim
fy h—0

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

, 0 smooth.



Surfaces

Recall:
f:R*—=R

fo = lim ~(f(@ + 1) — F(z,9))

h—0 h

]
fy = lim E(f(x, y+h) — f(z,y))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

, 0 smooth.
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Recall:
f:R*—=R
fo o= lim (e by) = f(2,)
fy o= lim o (@ + b) — f(a,9)

(If the limits exist!!)

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

, 0 smooth.
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one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
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R R one-one, U C R? open (U is open if and only if for any
fRE= p € U, there is an open disc D (p) := {z € R? | ||z —

0 1 e} for some radius € and D, U.
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0 1
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f smooth if all partial derivatives of all orders exist.
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R2 R one-one, U C R? open (U is open if and only if for any
fRE= p € U, there is an open disc D (p) := {z € R? | ||z —

0 1 e} for some radius € and D, U.
el = fo= i (e ) — Sy | 77O et B 6
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f smooth if all partial derivatives of all orders exist.
qg:




Surfaces Definition (Surface patch).

U > R’
Recall: ? -
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g : R?




Surfaces Definition (Surface patch).

U > R’
Recall: ? -

R2 R one-one, U C R? open (U is open if and only if for any
fRE= p € U, there is an open disc D (p) := {z € R? | ||z —

0 1 e} for some radius € and D, U.
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f smooth if all partial derivatives of all orders exist.
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U — R’
Recall: ’ -

R R one-one, U C R? open (U is open if and only if for any

J R = p € U, there is an open disc D (p) := {z € R? | ||z —
1 <ejt di d D, U.

L) = o= r 7ty flryy |7 S rsome i emd B )
Oz h=0 h . o smooth.
of 1

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g:R* =5 R3,
9(z,y)
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U — R’
Recall: ’ -

R R one-one, U C R? open (U is open if and only if for any

J R = p € U, there is an open disc D (p) := {z € R? | ||z —
1 <ejt di d D, U.

L) = o= r 7ty flryy |7 S rsome i emd B )
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(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
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9(z,y) = (91(z, ),
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R R one-one, U C R? open (U is open if and only if for any
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Oz h=0 h . o smooth.
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(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g:R? - R?.
9(z,y) = (91(z, y), g2z, y),
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R R one-one, U C R? open (U is open if and only if for any
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1 <ejt di d D, U.
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R R one-one, U C R? open (U is open if and only if for any

J R = p € U, there is an open disc D (p) := {z € R? | ||z —
1 <ejt di d D, U.
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U — R’
Recall: ? -

R R one-one, U C R? open (U is open if and only if for any

J R = p € U, there is an open disc D (p) := {z € R? | ||z —
1 <ejt di d D, U.

D)= o= r 7ty flryy |7 S ool emd B )
Oz h=0 h . o smooth.
of 1
oy DY) = fy = m 2 (f(z,y+h) = flo,y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(x7 y)7 ng(xv y)) g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))



Surfaces Definition (Surface patch).

U — R’
Recall: 7 ~

R LR one-one, U C R? open (U is open if and only if for any

fR = p € U, there is an open disc D (p) := {z € R? | ||z —
1 < €} f di d D, U.

O (4,4) = fu = lin ~(f(e + hoy) — flayyy) | P <€ TOrsomeradivs cand Dlp)  U')
Oz h—0 h , 0 smooth
af T and o,(a, 8) X o,(c, B) # 0.
a—y(x, y) = fy = lm =(f(z,y + h) = f(z,9))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(x7 y)7 ng(xv y)) g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))



Surfaces

Recall:
f:R* =R
0
a_i(:l;’ y) — f;p = %g%%(f(x -+ h, y) — f([l?, y))
0
5o(9) = fy = lim (/o + ) = F(z.p)

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(xa y)7 9293(377 y)? g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth

and o,(a, 8) X oy, B) # 0 (regular).



Surfaces

Recall:
f:R* =R
0
a_i(:l;’ y) — f;p = %g%%(f(x -+ h, y) — f([l?, y))
0
5o(9) = fy = lim (/o + ) = F(z.p)

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(xa y)7 9293(377 y)? g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth

and o,(c, 8) x o,(c, B) # 0 (regular)
for any (o, ) € U .

Example.



Surfaces

Recall:
f:R* =R
0
a_i(:l;’ y) — f;p = %g%%(f(x -+ h, y) — f([l?, y))
0
5o(9) = fy = lim (/o + ) = F(z.p)

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(xa y)7 9293(377 y)? g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth

and o,(c, 8) x o,(c, B) # 0 (regular)
for any (o, ) € U .

Example.
S :={(z,y,2) € R’}



Surfaces

Recall:
f:R* =R
0
a_i(:l;’ y) — f;p = %g%%(f(x -+ h, y) — f([l?, y))
0
5o(9) = fy = lim (/o + ) = F(z.p)

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(xa y)7 9293(377 y)? g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth

and o,(c, 8) x o,(c, B) # 0 (regular)
for any (o, ) € U .

Example.
S={(z,y,2) eR* [2? +y* +2° =1}

o(z,y)



Surfaces

Recall:
f:R* =R
0
a_i(:l;’ y) — f;p = %g%%(f(x -+ h, y) — f([l?, y))
0
5o(9) = fy = lim (/o + ) = F(z.p)

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, ¢, . .. smooth ,

where g(az,y) = (91(3%9)»92(5137@)»93(33;y))-

Notation:

gllC(x? y) - (glx(xa y)7 9293(377 y)? g3:1;<x7 y))

9y, y) = (91,(x,9), 92, (x, y), g3, (2, ¥))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth

and o,(c, 8) x o,(c, B) # 0 (regular)
for any (o, ) € U .

Example.

S ={(r,y,2) eR} | 2* +9y* + 22 =1}
U:={(z,y) e R* | 2 +y*> < 1}
o:U— R’

O-<$7y> — <I,y, \/1 — 2% — y2)




Surfaces

Recall:
f:R* =R
0
a_i@;, Y) = fr = }LE%) ;(f(x +h,y) — f(z,9))
0
8_§(x’y> — f — hH(l) fll(f(:lz,er h) — f(xay))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, go, . . .
where g(z,y) =

smooth ,
(gl(xa y)a g?<x7 y)a 93(337 y))

Notation:

9x<xay) —

gy(x,y) =

(91:(2,9), 92.(7, ), g3,(, )

(915(,Y), 92,(%, Y), g3,(7, y))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth
and o,(a, 8) X oy
for any (o, ) € U .

B) # 0 (regular)

Example.
S ={(r,y,2) eR} | 2* +9y* + 22 =1}
U:={(z,y) e R* | 2 +y*> < 1}
o U —R?
oi(x,y) = (z,y,+/1 — 2> — ¢?)
or, ooz, y) = (x, /1 — 22 — %, y)




Surfaces

Recall:
f:R* =R
0
a_i@%y) f, _%%;L(f(xjth,y)—f(fv,y))
0
8_‘?];(3;7@ — f — hH(l) fll(f(:lz,er h) — f(xay))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, go, . . .
where g(z,y) =

smooth ,
(gl(xa y)a g?<x7 y)a 93(337 y))

Notation:
gu(x,y) =

gy(%?/) —

(91:(2,9), 92.(7, ), g3,(, )

(914(%,Y), g2,(, Y), g3,(7, y))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D (p) := {z € R? | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth
and o,(a, 8) X oy
for any (o, ) € U .

B) # 0 (regular)

Example.
S ={(r,y,2) eR} | 2* +9y* + 22 =1}
U:={(z,y) e R* | 2 +y*> < 1}
o U —R?

oi(x,y) = (z,y,+/1 — 2> — ¢?)
or, ag(ajy \/1—:E2—y Y)
%1—932—y z,Yy)

or, oo, 1Y)



Surfaces

Recall:
f:R* =R
0
a_i@%y) f, _%%;L(f(xjth,y)—f(fv,y))
0
8_‘?];(3;7@ — f — hH(l) fll(f(:lz,er h) — f(xay))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R? = R? smooth if g1, go, . . .
where g(z,y) =

smooth ,
(gl(xa y)a g?<x7 y)a 93(337 y))

Notation:
gu(x,y) =

gy(%?/) —

(91:(2,9), 92.(7, ), g3,(, )

(914(%,Y), g2,(, Y), g3,(7, y))

Definition (Surface patch).
oc:U— R’

one-one, U C R? open (U is open if and only if for any
p € U, there is an open disc D(p) := {z € R* | ||z —
p|| < €} for some radius € and D.(p) C U.)

., 0 smooth
and o,(a, B) X o,(a
for any (o, 5) € U .

,B) # 0 (regular)

Example.
S ={(z,y,2) ER’ | 2? +y* +2° = 1}
U:={(z,y) e R? | 2> +y* < 1}

o1 U — R?

o1(x,y) = (z,y,/1 — 2% — )
or, oa(x,y) = (,y/1 — 2° — 42, y)
or, oo(x,y) = \/1—x2—y 1)

X
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Coordinate transformation

o:U — R3



Coordinate transformation

UI([%RB
g:U —R3



Coordinate transformation

UI([%RB
6:([—>]R3
O:U—U



Coordinate transformation

:(N]%R?’
6:([—>]R3
® : U — U smooth,

Q



Coordinate transformation

U — R?
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® : U — U smooth, invertible,
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Coordinate transformation

o:U— R
o:U— R
® : U — U smooth, invertible, and inverse smooth



Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives

f



Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives
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Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives

fR*=R



Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives

fR*=R
~



Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives

fR*=R
7 (o, B)



Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives

fR*=R
v (o, 8) = R?



Coordinate transformation

o:U— R}

6:U — R

® : U — U smooth, invertible, and inverse smooth
oz, y) = o(P(z,y))

Importance of partial derivatives

fR*=R
v (a,B) — R?
v(t)



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R
v (a,8) = R?
Y(t) = (z(t),y(?))



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R
v (a,8) = R?
Y(t) = (z(t),y(?))
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Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(t))
fov:(ap)



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

(f o) (to)



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

(foy)'(to) = felz(to), y(to))x (to)+ £, (x(to), y(to))y'(to)



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

v (a, ) = R?
v(t) = (z(t), y(1))
fovy:(a,8) =R

to) = fe(x(to), y(to))2'(to) +
)y'(to) = V(f)(z(to), y(to))-¥(to),



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

(f o) (to) = V(f)(x(to), y(to))-7(to),
Where v( ) CC,y) — < (x,y),fy(a:,y)),



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

)

where V(f)(z,y) = (f:c(ﬂ?,y)afy@:y)),



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

fv(x(to), y(to)) == (f o v)'(to) = V(f)(x(to), y(t0))-7(t0)

where V(f)(z,y) = (fo(z,y), fy(x,y)),



Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

Sy(z(to), y(to)) = (f 0 v)'(t) = V(f)(z(to), y(lo)).v

where V(f)(z,y) = (fo(z,y), fy(x,y)),
v = j(to),




Coordinate transformation

U — R?

U — R3

- U — U smooth, invertible, and inverse smooth
(z,y) = o(D(z, y))

QK Q. Q

Importance of partial derivatives

fR*=R

v (a, f) = R?
(t) = (2(t),y(1))
fov:(a,f) =R

fv(z(to), y(to)) == (f ov)'(to) = V(f)(p).v

where V(f)(z,y) = (fo(z,y), fy(x,y)),
v = Y(to),
and p = (z(to),y(lo))




