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g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
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Surfaces

Recall:

f : R2 → R

∂f

∂x
(x, y) = fx := lim

h→0

1

h
(f (x + h, y)− f (x, y))

∂f

∂y
(x, y) = fy := lim

h→0

1

h
(f (x, y + h)− f (x, y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
S := {(x, y, z) ∈ R3}
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Surfaces

Recall:

f : R2 → R

∂f

∂x
(x, y) = fx := lim

h→0

1

h
(f (x + h, y)− f (x, y))

∂f

∂y
(x, y) = fy := lim

h→0

1

h
(f (x, y + h)− f (x, y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
S := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
σ(x, y)
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Surfaces

Recall:

f : R2 → R

∂f

∂x
(x, y) = fx := lim

h→0

1

h
(f (x + h, y)− f (x, y))

∂f

∂y
(x, y) = fy := lim

h→0

1

h
(f (x, y + h)− f (x, y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
S := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
U := {(x, y) ∈ R2 | x2 + y2 < 1}
σ : U → R3

σ(x, y) = (x, y,
√

1− x2 − y2)
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Surfaces

Recall:

f : R2 → R

∂f

∂x
(x, y) = fx := lim

h→0

1

h
(f (x + h, y)− f (x, y))

∂f

∂y
(x, y) = fy := lim

h→0

1

h
(f (x, y + h)− f (x, y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
S := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
U := {(x, y) ∈ R2 | x2 + y2 < 1}
σ1 : U → R3

σ1(x, y) = (x, y,
√

1− x2 − y2)
or, σ2(x, y) = (x,

√
1− x2 − y2, y)
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Surfaces

Recall:

f : R2 → R

∂f

∂x
(x, y) = fx := lim

h→0

1

h
(f (x + h, y)− f (x, y))

∂f

∂y
(x, y) = fy := lim

h→0

1

h
(f (x, y + h)− f (x, y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
S := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
U := {(x, y) ∈ R2 | x2 + y2 < 1}
σ1 : U → R3

σ1(x, y) = (x, y,
√

1− x2 − y2)
or, σ2(x, y) = (x,

√
1− x2 − y2, y)

or, σ2(x, y) = (
√

1− x2 − y2, x, y)
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Surfaces

Recall:

f : R2 → R

∂f

∂x
(x, y) = fx := lim

h→0

1

h
(f (x + h, y)− f (x, y))

∂f

∂y
(x, y) = fy := lim

h→0

1

h
(f (x, y + h)− f (x, y))

(If the limits exist!!)

f smooth if all partial derivatives of all orders exist.
g : R2 → R3 smooth if g1, g2, . . . smooth ,
where g(x, y) = (g1(x, y), g2(x, y), g3(x, y)).

Notation:

gx(x, y) = (g1x(x, y), g2x(x, y), g3x(x, y))

gy(x, y) = (g1y(x, y), g2y(x, y), g3y(x, y))

Definition (Surface patch).

σ : U → R3

one-one, U ⊂ R2 open (U is open if and only if for any
p ∈ U , there is an open disc Dε(p) := {z ∈ R2 | ‖z −
p‖ < ε} for some radius ε and Dε(p) ⊂ U .)

, σ smooth
and σx(α, β)× σy(α, β) 6= 0 (regular)
for any (α, β) ∈ U .

Example.
S := {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
U := {(x, y) ∈ R2 | x2 + y2 < 1}
σ1 : U → R3

σ1(x, y) = (x, y,
√

1− x2 − y2)
or, σ2(x, y) = (x,

√
1− x2 − y2, y)

or, σ2(x, y) = (
√

1− x2 − y2, x, y)

σ1x(x, y) = (1, 0,
x√

1− x2 − y2
)
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σ1y(x, y) = (0, 1,
y√

1− x2 − y2
)
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Coordinate transformation

σ : U → R3
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth,
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible,
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ

56



Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t)
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

63



Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

(f ◦ γ)′(t0)
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

(f◦γ)′(t0) = fx(x(t0), y(t0))x
′(t0)+fy(x(t0), y(t0))y

′(t0)
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

(f ◦ γ)′(t0) = fx(x(t0), y(t0))x
′(t0) +

fy(x(t0), y(t0))y
′(t0) = (fx(x, y), fy(x, y)).γ̇(t0)
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

(f ◦ γ)′(t0) = fx(x(t0), y(t0))x
′(t0) +

fy(x(t0), y(t0))y
′(t0) = ∇(f )(x(t0), y(t0)).γ̇(t0),

where ∇(f )(x, y) = (fx(x, y), fy(x, y)),
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

(f ◦ γ)′(t0) = ∇(f )(x(t0), y(t0)).γ̇(t0),
where ∇(f )(x, y) = (fx(x, y), fy(x, y)),
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

(f ◦ γ)′(t0) = ∇(f )(x(t0), y(t0)).γ̇(t0),
where ∇(f )(x, y) = (fx(x, y), fy(x, y)),
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

fv(x(t0), y(t0)) := (f ◦ γ)′(t0) = ∇(f )(x(t0), y(t0)).γ̇(t0),
where ∇(f )(x, y) = (fx(x, y), fy(x, y)),
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

fv(x(t0), y(t0)) := (f ◦ γ)′(t0) = ∇(f )(x(t0), y(t0)).v,
where ∇(f )(x, y) = (fx(x, y), fy(x, y)),
v = γ̇(t0),
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Coordinate transformation

σ : U → R3

σ̃ : Ũ → R3

Φ : Ũ → U smooth, invertible, and inverse smooth
σ̃(x, y) = σ(Φ(x, y))

Importance of partial derivatives

f : R2 → R
γ : (α, β)→ R2

γ(t) = (x(t), y(t))
f ◦ γ : (α, β)→ R

fv(x(t0), y(t0)) := (f ◦ γ)′(t0) = ∇(f )(p).v,
where ∇(f )(x, y) = (fx(x, y), fy(x, y)),
v = γ̇(t0),
and p = (x(t0), y(t0))
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