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ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
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ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
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3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t)
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) and N(t).
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
e3(t)
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
e3(t) unit
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
e3(t) unit and orthogonal
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
e3(t) unit and orthogonal to e1(t) and e2(t).
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
e3(t) unit and orthogonal to e1(t) and e2(t). only two
choices, and negatives of each other. So one is e1(t) ×
e2(t), other is −e1(t)× e2(t).
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Theorem. Given,

1. functions κ̃ : (α, β) → R, κ̃(t) > 0 for all t, and
τ̃ : (α, β)→ R

2. p ∈ R3, t0 ∈ (α, β),

3. an orthonormal basis {E1,E2,E3} based at p,
such that E3 = E1 × E2.

there is a unit speed parametrization, γ : (α, β)→ R3,
so that,

1. κ̃ : (α, β) → R3 is its curvature function and
τ̃ : (α, β)→ R3 is its torsion function

2. p = γ(t0)

3. E1 = T(t0),E2 = N(t0),E3 = B(t0)

Proof.
ė1(t) = 0e1(t) + κ(t)e2(t) + 0e3(t)
ė2(t) = −κ(t)e1(t) + 0e2(t) + τ (t)e3(t)
ė3(t) = 0e1(t)− τ (t)e2(t) + 0e3(t)

By the theory of differential equations, always has a so-
lution, unique if we fix,
e1(t0) = E1, e2(t0) = E2, and e3(t0) = E3.

(ei.ej)
′ = 0 (exercise!), so constant, so {e1, e2, e3} is

orthonormal for all t

Can find γ(t), so that, T(t) = γ̇(t) = e1(t) and γ(t0) = p
(exercise!! Integration (anti-derivative)!)

κ(t)N(t) = Ṫ(t) = ė1(t) = κ(t)e2(t)
So, N(t) = e2(t)

B(t) unit and orthogonal to T(t) = e1(t) and N(t) =
e1(t).
e3(t) unit and orthogonal to e1(t) and e2(t). only two
choices, and negatives of each other. So one is e1(t) ×
e2(t), other is −e1(t)× e2(t). Can distinguish using dot
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